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Abstract. We find the generating function for group tensors contained in the enveloping
algebra of each simple compact group of rank three or less. The generating function
depends on dummy variables which carry, as exponents, the degrees and representation
labels of the tensors; it suggests an integrity basis, a finite number of elementary tensors, in
terms of which all can be expressed as stretched tensor products.

1. Introduction

Much work has been done recently toward understanding the structure of the envelo-
ping algebras (polynomials in the generators) of simple compact groups.

It has long been known that for a group G of rank / there are just / independent
invariant polynomials in the generators, or Casimir invariants (Samuelson 1941, Borel
and Chevalley 1955). Recently, simplified derivations of their eigenvalues have been
given by Okubo (1977) and Edwards (1978).

A theorem due to Kostant (1963) states that the number p, of independent A
tensors in the enveloping algebra is equal to the number of states of zero weight in the
representation (A ) (here (A) is any irreducible representation other than the scalar one).
Kostant also shows that the highest degree of a A tensor (modulo multiplying it by
Casimir operators) is the sum of the coeflicients of the simple roots in the highest weight
of (A); in terms of the conventional (Cartan) labels A, this highest degree is as follows:

SU®B):  Ay+As, O(5):  3A;+24,,
Ga: 37,45, SUM): 2A,+2x:+2A5, 1.1)
Sp(6) %)\14‘4/\24‘%/\3, 0(7) 3/\1+5/\2+3/\3.

In this paper we construct the generating function ¥ for tensors in the enveloping
algebra of each rank-two and rank-three group . ¢is arational function of / +1 dummy
variables U, A, ..., A, When it is expanded in a power series,

!
G=Y U“Y caA", A =TI A}, (1.2)
u A K

U carries the degree u and A; carries the representation label A; as exponents. A term
U“c,n A" in (1.2) says that the number of A tensors of degree u is c,.
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The generating function does more than count the tensors. It suggests an integrity
basis, a finite set of elementary tensors, in terms of which every tensor in the enveloping
algebra can be expressed as a stretched product (representation labels additive).

The generating function % is a fraction, or sum of fractions, whose denominator
factors have the form 1 — X; the X and the numerator terms Y are products of powers
of U and A,. The elementary tensors correspond to the X and to certain of the Y (the
other Y, if any, are products of powers of the elementary tensors). Once the elementary
X and Y are identified, it is straightforward, by standard methods, to determine the
algebraic form of the tensors they denote. The absence of a particular product of
elementary tensors implies a corresponding syzygy (relation) involving it.

The number of labels needed to specify a particular term in the enveloping algebra is
r, the order (number of generators) of the group G. Subtracting 3(r — /), the number of
internal G labels (Racah 1951), we obtain 3(#+/) as the number of functionally
independent elementary tensors; 3(r+1) is thus the (maximum) number of denominator
factors in each term of 4.

Apart from its primary purpose—to decompose the enveloping algebra of a group
G—our generating function has other uses. Without the denominator factors which
correspond to Casimir invariants, and with U =1, it is a generating function for the
number of states of zero weight in representations of G. The generating function for the
branching rules to a subgroup H = G may be substituted into our generating function to
obtain a generating function for subgroup tensors in the enveloping algebra of the
group; with the dummies carrying the subgroup representation labels set equal to zero,
one obtains a generating function for subgroup scalars—labelling operators. The group
generators are no longer independent when acting on restricted representations of
G—say with some of the Cartan labels zero; the relations can be described as the
vanishing of group tensors in the enveloping algebra and by the corresponding collapse
of the generating function for tensors.

In § 2 we describe the methods by which the generating functions may be deter-
mined. In this connection the group-subgroup characteristic function is defined.
Section 3 is devoted to the generating functions for SU(3) and O(5), § 4 to SU(4) and
G, and § 5 to Sp(6) and O(7). Section 6 describes the checks made on the generating
functions. Section 7 contains some closing remarks.

2. How the generating functions are determined

In determining the generating function for tensors in the enveloping algebra of a group
G, the operator properties of the generators may be ignored. Their order in a product
does not affect its transformation properties under G, and in any case the commutation
rules may be used to reduce any product to possibly lower-degree polynomials which
are symmetric as to order. Symmetric polynomials correspond one-to-one to poly-
nomials in ¢-number variables representing the generators. Hence our problem is to
find the generating function for polynomial tensors in the components of a tensor which
transforms by the adjoint representation of G.

Gaskell et al (1978) (we will refer to this paper as I) describe a general method for
constructing the generating function for polynomial tensors based on any tensor of a
compact group G. Although it is directly applicable to our problem, the tedium of the
method increases rapidly with the number of generators. There are two devices for
simplifying the work, each of more or less general applicability. The first makes use of a
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larger group G’ in the chain SU(r) > G' > G (r is the order of G); the second involves
working through a subgroup H of G. A special relationship between the enveloping
algebras of G, and SU(4) allows the calculation of the former’s generating function
from the latter’s; the connection is explained in § 4.

The tensors of degree u« in the generators of G are precisely the multiplets contained
in the representation (10 ... 0) of SU(r). Hence the generating function (1.2) is that for
the branching rules SU(r) G, restricted to one-rowed representations of SU(r). The
calculation is simplified if a group G’ can be inserted in the chain SU(») > G’ > G. One
finds the generating functions for SU(r) > G’ and for G’ = G and substitutes the latter in
the former. Thus for O(5) one may use the chain SU(10) > SU(5) = O(5); the embed-
ding is such that (10 ... 0) of SU(10) contains (0100) of SU(5) which contains (20) of
O(5). An alternative chain is SU(10) > SU(4) > O(5) with the embedding (10...0)>
(200) = (20). Similarly for SU(4) the chain SU(15) = SU(6) > SU(4) is available with the
embedding (10...0)>(01000)>(101). For O(7) one may use SU(21) =2SU(7) > 0(7)
with (10...0)>(010000)>(010). For Sp(6) there is SU(21) >SU(6) > Sp(6) with
(10...0)>(20000) > (200). The generating functions for the relevant group-sub-
group branching rules are described in §§ 3, 4 and 5. The procedure for substituting one
in another is detailed by Patera and Sharp (1980).

The alternative approach is to work through a subgroup H of G. The generators of
G form a reducible tensor of H. It may be relatively easy to construct the generating
function for polynomial H tensors in the components of that reducible tensor. Under
certain circumstances it may be possible to convert that generating function into the
corresponding (and desired) generating function for G tensors. A necessary tool in
converting a generating function for subgroup tensors into the corresponding generat-
ing function for group tensors is the group-subgroup characteristic function, to which
the remainder of this section is devoted.

The group-subgroup characteristic function is a generalisation of Weyl’s (1925)
characteristic function, to which it reduces when the subgroup is the Cartan subgroup,
U1)x...xU(1) (/ times), whose representation labels are the components of the
weight. Apart from its role in converting subgroup to group generating functions, it is
useful as a way of presenting branching rules.

Let G be a simple compact group and H its semisimple or reductive subgroup. The
subgroup content of an irreducible representation (A) of G may be written

!
HWN=ZaN,  N=]] N (2.1)

(v)=(v1,..., v, ) are the representation labels of H, and N are dummy variables
carrying those labels as exponents; c,, is the multiplicity of the subgroup representation
(v) in the group representation (A).

In the Appendix, the group-subgroup characteristic ¢ (N) is defined, and it is
proved that in terms of it the subgroup content may be written

Xy (N)=¢1(N)/ &6 (N). (2.2)

£6 (N') may be evaluated straightforwardly from its definition (A1) in each case of
interest. In principle NN may also be evaluated from the definition; however, it may
be easier to evaluate 1 (N) in the form (2.2) from the generating function for GoH
branching rules, if it is known, and read off §§i (N). We give explicit examples.
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The group-subgroup generating function for SU(3) > SU(2) x U(1) is known to be
(Sharp and Lam 1969)

F(A, Az; Ny, No) =[(1- AN N1 - AN = ANINTD(1 = ANSTTY, (2.3)

where A1, Az carry the SU(3) representation labels as exponents, N; carries twice the
isospin, and N, three times the hypercharge. The SU(2) x U(1) content of the SU(3)
representation (Ay, A,) is the coefficient of A}'A3? in the expansion of (2.3); this can be
evaluated by taking appropriate residues of (2.3):

Xaaz (N1, N2) =Y Resa, 1, AL A2 TTEF (AT, AT N, ND)

=§'?1A2(N1,Nz)/fz){o(Nl,Nz)g 24
with
£3r2 (N1, N2)
:NP“N;ZZA‘“)‘Z% +N;1+1N/2\1+2,\2+3
— N e NS o NS (2.5a)
£60(N1, N2) = (N1N2— N3°)(N3 - NiN3 ). (2.5b)

The A1, Az residues in (2.4) are those at poles inside circles a little greater than unity in
radius; |N,} is small compared with unity, and |N>| equal to unity.
Similarly, from the SU(3) = O(3) generating function

F(A1, Ay N) =1+ A A N)[(1- AN (1= AD(L - AN - AT,
we find the SU(3) = O(3) characteristic function

LN =(1=N""H(1 =N+ NH1=N)8 (A1, A2), (2.6a)
oo =(I=NP*1+N7. (2.6b)
8(A1, A,) is unity if Aq, A, are both even, and zero otherwise. N carries the angular
momentum quantum number as exponent.
From the O(5) > SU(2) x SU(2) generating function
F(A1, A2y Ni, No) =[(1 = AiND(L - AiN2) (1 - A)(1 = ANiIN)T

we find the O(5) » SU(2) X SU(2) characteristic function

.f/l\—lx)‘2 (le Nz) =N31+A2+2N{‘2+1 ~N32+1N?1+A2+2 +1\7;“+] “N31+1, (27@)
£bo (N1, No) = (N1N, — 1)(N2 = Ny). (2.7h)

From the G, 2 SU(3) generating function (Sharp and Lam 1969, and I)
55(/\1, Az Ny, Nz)
=[(1 - AN = AN (1= AN (L - AN)T
X{(1= A1)+ A2N1N2(1 - A,NiNp) 1, (2.8)



Reduction of enveloping algebras of low-rank groups 1929

we find the G, 2 SU(3) characteristic function
EXira (N1, N2)
= NATIAAATZ L N2l N
— N2t p NArRat2 Rt Aet2 (2.9a)
&0 (N1, N2) = (N2 = N)(Ny = 1D)(N2 = 1), (2.98)

We now turn to the problem of converting a generating function for subgroup
tensors into the corresponding generating function for group tensors. The group-
subgroup characteristic function £} (N) is a linear combination of terms IT; N%, whose
exponents p; depend linearly on the A;; the dummies N; are defined so that the
coefficients of the A; are all integers. Pick out one term of EY(N)and represent it by the
point in /y-dimensional space whose Cartesian components are its exponents p;.
Associated with the term is the sector in which its point lies when the representation
labels A; take all possible values. To be useful for our present purpose £. (N) should
contain a term-—to be called the distinctive term—which satisfies two criteria. Itssector
should not be overlapped by the sector of any other term, and its exponents j; must
determine the representation labels A;, For SU(3)> O(3) or any pair in which the
subgroup has lower rank than the group, the group—subgroup characteristic function
contains no distinctive term. But for all group--subgroup pairs which we have examined
with /g = Ig, including SU(3)>SU2) x U(1), O(5) 2 SU(2) xSU(2), SU4)>SU(3) x
U(1), G, 2SU(3), G, 2 O(4), the group-subgroup characteristic contains at least one
distinctive term; we conjecture that this is the case whenever [y = /. The distinctive
term is the first term on the right-hand side of each of equations (2.5a), (2.7«) and
(2.9a).

Consider a generating function #(N) for tensors of the subgroup H of a group G.
We assume that the tensors are those contained in complete tensors of G and write

F(N)= ; X (N)ey, (2.10)

where Y2 (N) is the subgroup content of the irreducible representation (A} of G (see
equation (2.1)); ¢, is the multiplicity of (A) in %, and may depend on other dummy
variables such as U in (1.2). Multiply (2.10) by &5 (N); because of (2.2) we obtain

£ (N)F(N) =; EX(N)eh. (2.11)

We now assume that the criterion of the preceding paragraph is satisfied by G > H.
Multiply (2.11) by ILN;?7' II; A} and sum over A; from 0 to o0; the sums are
geometric and may be done explicitly. Finally add all residues at poles of Ny, ..., N;
inside their unit circles. The resultis the desired generating function 9(A) for G tensors.
Examples of the procedure for SU(3)2SU(2)x U(1) and O(5)>SUQR)xSU(2) are
given in § 3.

3. SU(3) and O(5)

Before dealing with the two classical rank-two groups SU(3) and O(5), we dispose of the
rank-one group SU(2). The generating function for tensors in its enveloping algebra is

YU AN=[1-Ud1-UA]". (3.1)
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The integrity basis, which is well known, consists of two elements, a second-degree
scalar and a first-degree vector, indicated in the generating function by U? and UA
respectively. The scalar is the SU(2) Casimir invariant. Any SU(2) tensor in the
enveloping algebra is a stretched power of the vector multiplied by a power of the scalar.

To find the generating function for tensors in the enveloping algebra of SU(3), we
make use of the SU(2) x U(1) subgroup.

The generators of SU(3) decompose under SU(2) X U(1) into a vector and scalar
with U(1) labels 0 and two spinors with U(1) labels £3. The generating function for
SU(2) X U(1) tensors based on the vector and scalar is, by (3.1),

FUUND)=[1-U)A-UHA-UND] . (3.2)

The factor (1-U)"" takes account of the scalar. The exponent of Ni, to avoid
fractional exponents later, is twice the isospin. The generating function based on the
spinors is (N, carries the U(1) label)

Fo(U, N1, No)=[(1-U*(1-UNIN3)(1-UN{N;H] . (3.3)

The isospins of the generating functions (3.2) and (3.3) must be coupled (Patera and
Sharp 1980) with the help of the SU(2) Clebsch—-Gordan generating function

C(N'1, N{,N»)=[(1-NINT)(1-NN)A-NiN)]™ (3.4)
to obtain the generating function for SU(2) x U(1) tensors in the SU(3) enveloping
algebra:

F5(U, Ny, N»)
=Y Resny v NI 'NTTVF (U, NTHF(U, N N)C(NY, NY, Ny
=[(1-U)(1-U1-U’NS)1-U’N3%)(1- UN:N3)(1- UN, N3]

x[(1-UNDH 1+ UN, N1+ UNN?)+(1-U) U2 (3.5)

Following the prescription of the preceding section, we multiply (3.5) by

(NiN2=N3*)(N3 =NiINZHONTNI[(1- ANT)(1 - ANT'N)T

and take residues with respect to N; and N,. The result is the desired generating
function for tensors in the SU(3) enveloping algebra:

G(U; A, A)
_ 1 (1 U°A;3 )
T(1-UH1-UHA-UMA)A-UAM\1-UAS  1-U3A3
1+ UA A+ U*A2AS

T A-UHA-UH1-UMA)A=UPADI=-U’AY)’ (3.6)
U carries the degree, and A;, A, carry the SU(3) representation labels of the tensors.
The generating function (3.6) is given in I and a corresponding integrity basis by Sharp
(1975), in each case without details of the derivation.

The integrity basis suggested by (3.6) consists of the quadratic and cubic Casimir
invariants (U2, U?), two octets of degrees 1 and 2 (UA, A, U?A;Az)and a decuplet
(U*A3) and antidecuplet (U>A3) each of degree 3. A syzygy, indicated symbolically by

(UPADNUPAD) +(UA 1A + (UM AU A ALY U+ (UA AU =0, (3.7



Reduction of enveloping algebras of low-rank groups 1931

means that (U*A}(UA3) or (U?A;A,)° is redundant and should be discarded. The
two options correspond to the two forms (3.6) of the generating function (other
equivalent forms are also possible).

There are several checks that can be applied to the generating function (3.6), and to
the analogous generating functions to be derived in this paper; the checks are discussed
in § 6.

The generating function for tensors in the O(5) enveloping algebra can be evaluated
in an analogous manner, using its subgroup SU(2)xSU(2). The O(5) generators
decompose under SU(2) x SU(2) into a (1, 1) quartet and the SU(2) x SU(2) generators
(2,0) and (0, 2). It is straightforward, though laborious, to construct the generating
function #(U'; Ny, N») for SU(2) x SU(2) tensors based on this reducible tensor. Using
the O(5)>SU(2)xSU(2) characteristic function (2.7), we find the desired O(5)
generating function

14+ U*A3A,
(1-UHQ1-UH1-UAH(1-UA)(1 = U?AD(1 - UAY)

G(U; A, A= (3.8)
U carries the degree, and A1, A, carry the O(S) representation labels of the tensors. The
integrity basis consists of the quadratic and quartic Casimir invariants (U>, U*), two
decuplets of degrees 1 and 3 (UA2, UA?), a quintet (U2A2) and 14-plet (UzAg_) each
of degree 2, and a 35-plet (U*A}A,) of degree 4. The (stretched) square of the 35-plet
is redundant.

Alternative derivations of (3.8) make use of the chain SU(10) 2 SU(5) 2 O(5), or
SU(10)>SU(4)>0(5). The SU(10)>SU(5) generating function, for one-rowed
representations of SU(10), is [(1 - UM,)(1— U*M,)]™', where U carries the SU(10)
label (the degree) and M;, M, carry the second and fourth SU(S) labels. Hence, if
F(M,, M, M5, My; Ai, Az) is the generating function for SU(S)=>O(5) branching
rules, we see that

G(U; Ay, A2) =F(0, U, 0, U?; Ay, A3) (3.9)

is the desired generating function for tensors in the O(5) enveloping algebra. The
generating function % for SU(5) = O(5) branching rules is given by Patera and Sharp
(1980) and gives a 4(U; Ay, A,), in agreement with (3.8). The SU(10)>SU(4)
generating function, for one-rowed representations of SU(10), is [(1-UM(1-
U*M3)(1-U>M3)(1 - U]}, where U carries the SU(10) label (the degree) and M;,
M, M; carry the SU(4) labels. Hence, if F'(M3, M3, M5 ; Ay, Az) is the part of the
SU(4) = O(5) generating function which is even in all the SU(4) labels, we see that

GU; AL, A)=(1-UY'F(U, U, U? Ay, Ay) (3.10)

is the desired generating function (3.8) for tensors in the O(5) enveloping algebra. The
generating function for SU(4) > O(5) branching rules is given by Patera and Sharp
(1980).

4. SU@4) and G,

The generating function for tensors in the enveloping algebra of SU(4) could be
evaluated by using the SU(3)xU(1) subgroup and the methods of the preceding
section. We found it easier to use the chain SU(15) > SU(6) > SU(4).
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The SU(15) = SU(6) generating function, for one-rowed representations of SU(15),
is[(1 = UM)(1-U*M){(1—- U], where U carries the SU(15) label, or degree, and
M3, M, carry the second and fourth SU(6) labels. The SU(6) 2SU(4) generating
function, for representations of SU(6) in which only the second and fourth labels are
non-zero, is

97(M2, My; Ay, Ay, As)
=[(1-M3)(1 - M1 —MaA; A1 = MyA A3 (1~ M3 A - MEAD]
(1 + MAMAI AL+ MoMS AR AL+ MAME ALASAS
(1= MoMA A1 = MM AD
. MAMAAAZ+ MaM2 AGAZ+ MAME AL+ MEMZ ALASAS)
(1= MaMA A5 (1~ MSMG AS)
. MoMAATAL(1+ MIMAAT A+ MoM3 ATA) + MAM: ATAS
(1= MM ATA) (1= M3M3AY)
L MoMaAAS(+ MAMuAAS + MoMG AaAS) + MM A%A;‘>
(1~ MaMyALAS) (1= M3MAAS) '

(4.1)

M, M, carry the second and fourth SU(6) labels, and A, A, A; the SU(4) labels. Hence
the desired generating function for tensors in the SU(4) algebra is
{g([], Ala */\29 /\3)
=(1- U F (U, U* Ay, Ay, As) (4.2)
=[(1-UH(1-UH1-UH1-UAAs)
X (1—U2A A (1= UADA-U*A)!
(1 + U ASA+ UA2 A+ UPA ASAS
(1-UAA5(1~-U®AD
U*AAS+ U AA+ UPAS(1+ UPALASAS)
(1-UAMA)(1-UCAD
UPAAL(1+ U“{\fAz +UAZA) + UATAS
(1-U’ATA)(1 = U°AY)
. UPAaAS(1+ U*AAS+ U ALAS + U"‘A%Aé)
(1= U AA3(1 - UBAS) ‘

U carries the degree, and Ay, Az, Az the SU(4) labels of the tensors.

Inspection of (4.2) suggests an integrity basis with 17 elements (the notation is
{pabc), where p is the degree and a, b, ¢ the SU(4) labels): (2000), (3000), (4000),
(1101), (2101), (2020}, (4020), (3101), (3210), (3012), (4210), (4012), (5210), (5012),
(6121), (6400), (6004). Because of syzygies, the following products of elementary
tensors should be eliminated: (3101) with (3210), (3012); (3210) with (3012}, (4012),
(5012), (6121), (6004); (3012) with (4210), (5210), (6121), (6400); (4210) with (4012),
(5012),(6121), (6004); (4012) with (5210), (6121), (6400}, (5210) with (5012), (6121),
(6004); (5012) with (6121), (6400); (6121) with (6400), (6004); {(6400) with (6004); the
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squaresof (4210), (4012), (5210), (5012), (6121); the products (3101)(4210)(5210) and
(3101)(4012)(5012).

The generating function for tensors in the enveloping algebra of G, could be
evaluated with the use of the SU(3) subgroup. However, it proves simpler to obtain it
by exploiting an interesting relationship between the groups SU(4) and G, based on the
fact that the subgroup SU(3) is embedded similarly in the two groups.

With the help of the SU(4) > SU(3) generating function

F(A1, Az, A3y Niy No) =[(1 = A1 = A ND(1 = AaND(L = ANL)(1 = AsNo) (1= As)]7,
(4.3)

(A1, Aa, Az carry the SU(4) labels, and N,, N, the SU(3) labels) a generating function
FH (A, Ay, As) for SU(4) tensors may be converted into a generating function

F(N, Nay=[(1=N)(1 = NNy = N)T HNINF (N1, Ny, No)

~NIN3#(Ny, N3, N2) = NTH(N1, N1, 1)+ N3¥(1, Na, No)

+ N1 (1, N, 1)~ N, #(1, N3, 1)+ NN, (N, Noy 1)

-~ N N,#(1, Ny, N2)) (4.4)
for SU(3) tensors.

Similarly the G, 2 SU(3) generating function (2.8) converts a generating function
H (A4, Ay) for G, tensors into the generating function

L(N1, No)=[(1=N)(1 = N2)(N1 = N2)] H(N3H (N2, N2)
—~NIH (N1, N)+ NINLH(Ny, NiN,) — NiIN3H (N3, NiN»)
+N(H(1, N) = N> (1, Na)) (4.5)
for SU(3) tensors.
Now suppose that the SU(4) generating function #(A;, Az, As) and the G- generat-

ing function % (A,, A,) are related by the fact that they generate the same SU(3) tensors.
It follows from (4.4) and (4.5) that they are related by the functional equation

N3% (N2, No) = NIH(Ny, Ny)+ NINLJH(Ny, NiN>)
—~ N{N3H(Nyy NN+ NH (1, N~ N H (1, Na)
= NiN,#(Ny, Ny, No) = NyN3H(Ny, N3, N,)
~ NI (N, Ny, 1)+ N2, Ny No) + N1 (1, Ny, 1)
~NLJ(1, N3y 1)+ Ny NLH (N1, Nay 1) = NN, #(1, Ny, Na). (4.6)

Under the assumption that (A1, Az, As) is symmetric in its first and last arguments,
H(A1, Ao, A3) = F(As, Az, Ay), it can be verified that a formal solution of (4.6) for
FC(AL, Ag) s

H (A1, Ag) = H (A1, Av, Ao/ A1)+ AT H(Ar, Ar/ Ay, D). (4.7)

The solution (4.7) suffers from the defect that its expansion contains, in general,
negative powers of A;. These can be eliminated by adding to J/(A;, A,) an appropriate
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solution of the homogeneous version of (4.6). It can be verified that, for any A4, A,,
H'(A1, Az) = ATVAS+ A T2A

satisfies the homogeneous equation. Thus we have the following prescription for the
solution of (4.6) for J/(A,, A,) which contains no negative powers: expand the right-
hand side of (4.7) in powers of A; and replace each negative power A7"'(A,=2) by
—A$T2AMTY drop terms in A7'. Because of the form (4.7) this cannot introduce
negative powers of A,. The prescription can be formulated in terms of residues:

1 All A2 1 A2
atihs A =8 Resw =3 e (i )+ (i 551
[(A1 Az) EResAl All—Al Az-—AlAl 4 A1 A] Al A’l% A] Ai
4.8)

The first term, (A} — A1) ™', in the first square bracket picks out the positive power part in
Aq; the second, Aj(A,— A;AY) 7", replaces negative powers A7 by —A 2A5% " and
cancels A7’.

Now the generators of G, decompose under SU(3) into an octet, a triplet and an
antitriplet, the same as SU(4), except that the SU(4) generators contain an additional
scalar, It follows that, if (1= U)9(U; A1, As, As), where G(U; Ay, Ay, As) is given by
(4.2), is substituted for #(A1, Az, Aj) in (4.8), the result will be the desired generating
functions for tensors in the G; enveloping algebra:

G(U; A, A)
=[(1-UH1-UA-UA)1-UADA-U’A)(1 - UAD]
(1 +UAS A+ UPAT+ UBA3A,
1=UADH(1-U*AD
USAs+ USA2A,+ U A A+ UPBASAS
A-U*AD(1-UAy)
USAiA,+ UPAAR+ UPAS+ U8A§>
(1—-U’A)(1—-U®AY)

(4.9)

U carries the degree, and A, A; carry the G, representation labels of the tensors.

The integrity basis implied by (4.9) consists of 17 elements (the notation is (pab),
where p is the degree and q, b the G; labels): (200), (600), (101), (220), (310), (330),
(402), (420), (501), (511), (531), (630), (621), (711), (802), (912), (12,03). The
following products of elementary tensors should not be used: the square or product of
any two of (531), (630), (621), (511), (711), (912), (12, 03); the product of (330) with
(802), (621), (711), (511), (912), (12, 03); of (420) with (802), (511), (912), (12, 03); of
(501) with (531), (630); of (802) with (531), (630), (621), (711); and the product
(330)%(501)°.

5. Sp(6) and O(7)

The generating function for tensors in the enveloping algebra of Sp(6) is most easily
determined with the help of the chain SU(21) > SU(6) = Sp(6) for one-rowed represen-
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tations of SU(21). As mentioned in § 2, the insertions are defined by (10...0)>
(20000) = (200).

For one-rowed representations of SU(21) it is not hard to show that the SU(21) =
SU(6) branching rules are given by the generating function

La;(U; M], M2a M31 M4’ MS)
=[1-U1-UMH1-UMH(1-UMH(1-UMH(1-UMHT ™.
(5.1)

U carries the SU(21) label (the degree), and M, M>, M3, My, M carry the SU(6) labels.
The generating function for SU(6) > Sp(6) branching rules is of some interest in its
own right. By examining low-lying representations of SU(6), we are led to the function

%(Ml’ M2a M37 M4’ MS’ Al, A2, A3)
= [(1 = MiAD) (1= M) (1= MaAR) (1 — M3A3)(1 — M) (1 - MyAL)

X (1= MsAD)] (1= M3A)(1 - MiM3A2)(1— MsMsA)

X (1= MiM3MsA3)]™ + MiMaAs[(1 - M3A)(1— MiM;A)

X (1~ M MsA3)(1~ ]\411\43M5A3)]—1

+ MMsAs[(1—M;3A) (1= M3MsAz)(1 - MMsAs)(1 —1\4{11\431\45/\3)]_1

+ (MiMaA3)(MoMsA3)[(1— M3A)(1— M M,A3)

X (1= MaMsA3)(1— MiM3MsA3)] ™

+ M MsAy[(1 = MiM3A)(1 = MaMsA ) (1 — M MsAy)

X (1= MM3MsAs)] ™" + (M1 MuAs) (M1 MsA)

X [(1=MiM3A2)(1 — MiMyAs)(1 — MiMsAs)(1— MiMsMsAs)] ™

+ (MaMsAs) (MM sA)[(1 — M3MsAz) (1 — MaMsAs)

X (1 - M1M5A2)(1 - M1M3A45/X3):|_l + (M1M4A3)(M2M5A3)

X (MM sA)[(1 = MiM4A3)(1 — MoMsAs)(1 — M MsA»)

X (1= MiMsMsA3)] ™+ MoMaAsAs[(1— MsA,)

X (1= MiM4A3) (1~ MoMsA3)(1 - M2M4A1A3)]-1}- (5.2)
M, M, M3, M,, M5 carry the SU(6) and A;, Az, Az the Sp(6) representation labels.
The interpretation of (5.2) in terms of an integrity basis is straightforward, and omitted
here; it can be found in Couture (1980). The integrity basis, which contains 15
elements, defines SU(6) polynomial bases reduced according to the Sp(6) subgroup.
While (5.2) has not been derived analytically, we are reasonably sure it is correct. For
example the generating function for tensors in the Sp(6) enveloping algebra, derived
from it, has been subjected to the checks described in § 6.

The generating function & of (5.2) must be substituted into & of (5.1) to obtain the

desired generating function 9(U; A4, Az, A3) for tensors in the Sp(6) enveloping

algebra. The form of (5.1) indicates that only the part of (5.2) which is even in all SU(6)
labels is required. Let H'(M32, M3, M2, M2, M2, A1, Ay, As) be this even part; it is
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obtained straightforwardly from (5.2). Then the desired generating function is
G(U; Ay, Az, As)
=(1-US'% (U, U?, U, U, U®; Ay, Az, As)
=[(1-UH(1-UH1-U1-UADA-UADA - U ADA - U*A))
X(1-UAD (1 - UPADU - UPA)(1 - U*A)(1 = UPAD]
X[14+ UA1As+ U (ATA2 + A1 AAs) + UBATAL + A1 A0A5)
+ U ATAS+ATAS+ATAS+2A,A0A5)
+ UP(AIAIA +2ATAA 5+ AjASAs + ASAD)]
+[(1-UPAHA - U M)A - UPAD(1L — UPADT U A+ AtAs + A AsAs
FUSAAS+AIAT+ A1 AL A+ AA+ ATALAT+ A1 ASAs + ASAD)
+ U (ATAAT+ A AAT+ AAD + U A ALAS
FUBAIAAT+ AAIAT+ ATAT+ MAT+ ATALAT + AL ALAD)
+ UM A AT+ ATATHAIAS + ATASAS+ ATALAD)
FUTATAAS+ AT ALATHATAIAD + UBAATAT+ ATALAS + ATALAD)
+ UPAAAS+[( - UPAD(1 - UA)( - U'AD(L - U°AD]
X[U(A3+A1As+ A AoAz) + U ALA3
+ U AAS+AIAT+ A A A+ AAS+ ATALAT + A A A+ ASAD)
+FUMAIAS+ AAT+HAZAAT+ALAAD)
+ UPAIAAS+ UP(ATAAT+ A1 ARA3)
F U (A AAI+AIATH AIAT+ATAIAT+ATALAD)
+ U T(AIAIAT+ AASAD + UM ATAT + ATALAS + ATALAS)
FUPAMAT+HATAATH AIAAD + UM ATAAY]
+A-UADA-UPADA-UTAHA-UPAT
X [UAIAT+2ATA A3+ ATASAS+2A0A3+ 241 A5A5 +A%)
+ UMM AA+ A AAT+ ARAD)
+ UBAIAIF2A3AA3 + ATASAT+2AA5+ 2ATA0A5
FAIATFATHAATH2A0A5+ 24 A0A3 + ASAT+ ALAZAD)
F UM AAS+F ALASAT+ AAS+ AATHFAIASH AL AAS+ ATALAD)
+U(AAAT+AIAZAS+ A ALAS) + UBAJAS
+UP(ATAASHAIAIAL+ ALALAD)
+ UP(AAI+ATAS+2A MM+ 2A3A0A5 + ALASAS + ATASAS)
+ UM (ALASAS+ATAS+ATAS)
+ U (A 1AM+ ATAAT+ A ASAS+ AZASAD)
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+UB(AIAAS+AALAD)

FUPAIAAS+ ATAAYD + UY(AIASAS + ATAZAD)]

+[(1-UPA)(1 = U*A)(1 = USAD(L - UPADT U (ATAz + AD)

+ U (2A1A3 A+ AMA R+ A+ U (A1AIA + A1ASAS)

FU™A1A A3+ AsATA) + U (AIASAT+2AA3A: + ATAS)

+ U ATASAS+ ASAD]H[(1 - UPA) (1= UPAD(A~ UADH(I - UAD]
XU (A1 A2As + AsASAS) + UM ATAAS + A ASAs + A ASAs + ASAD)
+UMQAIAT+AIAT+ AT+ ATASAS
FALAASFAIASAZF2AA3A3 + AN D)

FUBAASATHF AAIASHATAIAS+ ASAD + U (AASAS + AAD)

+ U (A AZAS+2AA3A3 + A1ASAD)

+UPAIAIAS+H ATAALH ATAGAT+ AL ASAD + U (AIASAS +ATAZAD)]
+[(1-U*A)(1 - UPAD(1 - U A1 = UPAD]
X[U3(A1A2 A3+ A1AGAs) + U (ATA A+ Ay ASAs + A ASAS + A3AD)
+ U (AIASASHAAD + UQ2AAT+AIAT+ ASAT+ATASAS

F A AATFAIASATF2AAA3 F A0A0)

+ U (AAIAT+ AAZAD + UB(A1ASAS +ASAD)

F UMM AAI+ AAIAD + UPATASAS+ ATASAT+ ATASAT + A1A3AD)
+ UP(AASATHAIAIAD + U (AIASAT+ AASAD)]

+H(1 - U ADA-UAHA-U'AD(L-U°AD]T

X[ U (AA3+2A3A3+ A3AD) + U (A1 A AT+ AASAD)

+ UV (A1A2A3+2A1A3A3 + A1A3AD)

+ UBQAIAIAS+2A0A3A3+2A,A3A3
+FAIAIATH ATAAT+ ATATHAZATAD)

+ U (AASAT+ ALATAD) + U (AL ASAS + ATASAS + AJAS + ALASAD)
+ UM AZAAS+ ASAS+2A3A3A 3+ 24508
+2A1AA5+2AASA3 + ATASAS + ASAS + ALAD)

+ U (AAIAT+ AMASASH AASAS + AL ASAS + AZAZAS + AJAS)

+ U (AAIAT+ ALASAS + AZAD + UH(AIAIAS + ASAY)
FUPAASAS+ MASAT+H ASAD + U (A AZAT+2A0A3A 5+ A1ASA3)
+ UT(AAS+ AIAIAD + UB(AASAT+ AL1ASA))

+UPAIAAS+ U AIASAS + UPPATAAS]

+[1-UPADA - U AN - UTAH(1 = UPAsA3)] ™
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X[US(A1A: +2A1AA5 + ATAT+ A1ASA) + UT(ATAT+ AZALAD)
+UPATALAS+ UATALAS

+UMAIAS+ AIAT+ ATALAT+2ATALA+ ATASAD)
+U™(AIASAT+AGAD)

+ UP(ATAAS+ATAS +2A5A0A5 + ATASAS +ATAZAD)

+ UMATAA+ UBATAAS+ U (ATASAS+ ATALAD)

+ UBQATA AT+ ATASAS+ ATASAS+ ATADT (5.3)

The generating function for tensors in the enveloping algebra of O(7) is found with
the help of the chain SU(21) > SU(7) > O(7) for one-rowed representations of SU(21);
the insertions, as mentioned in § 2, are defined by (10...0)>(010000)>(010). We
found it useful to introduce the additional group SU(6) between SU(7) and O(7); the
insertion is defined by (010000) = (10000) +(01000) with (10000) > (100) — (000) and
(01000) > (010)—(100) + (000). O(7) is not a subgroup of SU(6), but may be subjoined
to it (Patera and Sharp 1980).

The generating function for SU(21) = SU(7) branching rules (one-rowed represen-
tations) is

F(U; Ky, Koy Ke)=[(1- UK2)(1 - U*K)(1-U’Kg)] ™. (5.4)

U carries the SU(21) label (the degree), while K, K4, K¢ carry respectively the second,
fourth and sixth SU(7) labels. Thus we need the generating function for SU(7) > O(7)
branching rules only for SU(7) representations with the first, third and fifth labels zero.
The generating function for SU(7) > SU(6) branching rules is (odd SU(7) labels zero)

H (K>, Ka, Ke; M1, My, M3, M., M)
=[(1 - KaM1)(1 = KoMo)(1— KoM (1 — KaMa)(1 - KeMs)(1 - Ke)] 7
(5.5)

Hence, once the generating function (M, M,, M3, M4, Ms; Ay, Az, As) for SU(6) >
O(7) branching rules is known (A;, A, As carry the O(7) representation labels), the
SU(7) = O(7) generating function is, according to (5.5),

H (K2, K4, Koy A1, Az, Az)=(1 —Ks)_lf(Kz, K>, K4, K4, Ke; A1, Az, A3) (5.6)

and, according to (5.4), the desired generating function for tensors in the enveloping
algebra of O(7) is

G(U; A, Az, A3)
=% (U, U? U? Ay, Az, As)
=(1-U¥7'g(U, U, U?, U?, U?; Ay, As, As). (5.7)

For brevity the functions # and % are omitted here; they can be found in Couture
(1980).
The result for 4(U; Ay, Az, A3) is

g(Ua Ala AZ’ A3)
=[(1-UHA-UH1-US1-UA)(1-UADQ-UAH(1-U3A))
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X (1= UADTHIA - UPA)(1 = UAD1 - UA)(1 - U°AD)] ™
X[1+UCAIAL+ U A A+ USAAS+ UP(A A+ A1AAD)

+ UV A AT+ UV ATAAST+[(1- U*AD(1 - UPA)(1 - U*AY)
X (1= UCADT T UAS+ UC(A A5+ AsAD) + UBA ALAS

+ U AIAS+ UPAAAT+ UBA AAT+H UPAIAAS]
+[A=U*ADA - USA)(1 - UPA (1 - USADT

X[UA AR A+ U™ ALAS+ UM AASAS+ U ASAS

+UYAAL+ UPAAIAL+ USAIAS+ U AASAS]

+[(1 = UADA-U*AD(1 - UADH(1-U°AD]™

X[UBALAS+ U (A1 A AT+ A +2U M A A+ U (AAS + ALA9)
FUPAIAATHAD + UMAIAAS+ U (AAS+AIAS + U CAIAS
FUVATAAS+ UBAIAAS+ U A1 AAS)

+A-U A1 - UAD(1 - USA(A - UPAD]™

X[UTAAS+ UPASAT+ UM A AAS+ UPALIASAS

+UP(AIAS+ AASAD + UM AIAS+ AIASAD + UA3AS

+ U AASAS+ U A AN+ U A AAS+ UPASA+ UPAZAS
+UPAAS+ UPAASAS+[(1 - U*AD (1 - UAD(1 - UAY

X (1= USADT UM AAS+ UBAIAL+ U™AALAS
FUP A AAS+ U (AAS+2A,A3AD + UV (ASAS+ A1AZAD)
+US(AIAAT+2A3AD + UPASAS+ UPAZAS + U A1AZAS
+UPAAAS]+[(1-UPA) (1 - UA)(1 - USADH (1~ UBA D
X[UAAr+ UPAS+ U (A3 + ASAS) + UPAIASAT+ UASAS

+ U (AAS+ A AAD]H (1 - UPAAD( - U*ADA - UAD

X (1= USAD] U AAS+ UP(A AT+ A AAD + UT(AIAT+ A1ALAD)
+UPQRATAS+ AIAAD + UPAIAS+ U (AIAS+2A7A5A9)
+URAIAAS+ UPAIAAS+ UPAIAS+ UVAALAS)

+A-U A1 - UADA - UAHA - UA]

X[U*AAS+ US(A1AaAS+AD + U'A1AS

+ UAAAT+ A AT+ A A AD + UPAST+ U ALASAT+ UM ALAS
+URATAS+AIAAD + UM(AITAAL+ATASAY

+ U A AAS+ U A1 AASD (5.8)

The integrity basis corresponding to the generating function (5.3) is found in
Couture (1980).
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6. Testing the results

In § 2 we discussed two methods of obtaining the generating function for tensors in the
enveloping algebra of a group. The first (working through a subgroup) is an analytic
derivation and constitutes a rigorous mathematical proof; this approach was used for
SU(3) and O(5). The second approach, which makes use of a larger group, involves
finding a set of elementary multiplets (the integrity basis) and relations among them
(syzygies). It does not constitute a proof, since one is not sure that all elementary
multiplets and relations have been found; in this case the result must be checked.

Our generating functions satisfy the obvious requirements. There are 3(r+1/)
denominator factors, including ! which correspond to Casimir invariants; the highest
degree with which any tensor appears is that prescribed by Kostant’s (1963) theorem
(1.1). Each generating function is consistent with known generating functions for
subgroup scalars in the enveloping algebra. Indeed, the above checks were often
helpful in determining the generating functions.

The most conclusive check which we apply is the reduction of the generating
function for tensors in the enveloping algebra to the corresponding generating function
for weights. In what follows we use Sp(6) as an example.

The generating function for tensors may be reduced to that for weights by substitut-
ing the character generator of the group; unfortunately, the character generator is not
known in general, so one must work through a chain of subgroups. For Sp(6) the
following chain is convenient:

Sp(6) = Sp(4) xSU(2) o SU(2) x U(1) x SU(2) 2 U(1) x U(1) x U(1).

The generating function for branching rules at each stage is known. For Sp(6) = Sp(4) x
SU(2) we have (Sharp 1970)

(1= AND(1 = A N3)(1 = AN (1 — A)(1— AsNp)(1 = AsNaN5)] ™
X[(l—A2N1N3)‘1+A1A3N2(1—A1A3N2)~1], (6.1)

where A, A;, A; carry the Sp(6) labels, Ni, N, the Sp(4) labels, and N; carries the
SU(2) label (the dimension of the SU(2) representation (v) is v +1). The generating
function for Sp(4) > SU(2) x U(1) is (Sharp and Lam 1969)

[(1 = N{Nam3)(1 = NiNen3 (1= Nam3) (1 = N3 )™
x[(1-NI) "+ NN (1-NoNDHT, (6.2)

where N, carries the SU(2) label and 73 the U(1) label. The generating function for
SUQR)>U1) is

[(1-Nn)(1-Nn"H]}, (6.3)

where N carries the SU(2) label and n the U(1) label (weight). Substitution of (6.1) into
(5.3), of (6.2) into the result, and finally of (6.3) into that result, converts (5.3) into a
generating function for weights in the Sp(6) enveloping algebra. But the actual
generating function for weights is

[(1-Un3n3)(1—=Und(1-Un3*n3) (1~ Unin3*)(1 - Un3i*n3?)
x (1= Un32) (1= Un}) (1~ Uni®)(1 - Und)(1 - Un3*)(1 = Uninans)



Reduction of enveloping algebras of low-rank groups 1941

X (1= Uninz 'n3) (1= Uni maems)(1— Untins 'na)(1— Unimans )

X (1= Uninz'n3 (1= Unitnans (1= Uni'nz'nsH(1-U)’T.
6.4)

Each factor in (6.4) corresponds to a weight in the adjoint representation of Sp(6).

The substitutions described above can, in principle, be done analytically, but the
algebra soon gets out of hand. We have written a computer program which performs
the substitutions numerically and compares the result with (6.4). The comparison can
be made with high precision, for random values of the dummy variables on which the
generating function depends. With quadruple precision the relative error was of order
1072 for Sp(6). To check the efficacy of the numerical comparison, we made minimal
changes in the generating function being tested, such as altering by unity a coefficient or
exponent; such a change increases the relative error by many orders of magnitude.

The reduction of the generating function to that for weights must utilise a chain of
groups of equal rank at each stage; otherwise information is lost. We applied similar
numerical checks to all the generating functions in this paper.

7. Discussion

In this section we expand briefly on a few points mentioned in the introduction.

First we illustrate how to find the algebraic form of the elementary tensors in the
enveloping algebra, with SU(3) as an example. According to (3.6) the elementary
tensors are (1, 11), (2, 00), (2, 11), (3, 00), (3, 30) and (3, 03); the first number is the
degree, the other two the representation labels of the tensor. We content ourselves with
finding the highest weight component of each. For brevity we denote the components
of the basic octet by letters, a =|1,3,3), 8=11,3,~3), y=10,1,1), §=[0,1,0), e =
0,1, -1), 6 =10,0,0), k =|—-1,3,%), A =|-1, 3, —3); the notation is | Y, T, T,). For each
_elementary tensor, write the highest component as an unknown linear combination of
those monomials in a,...,A which have the necessary degree and weight. The
coefficients are found by requiring that the generators corresponding to the simple roots
annihilate the component. For SU(3) these simple generators are E;; and E»; in the
notation of Gel'fand and Zetlin (1950); we adopt Gel’fand and Zetlin’s matrix elements
of Eq; and E»; between the components of the octet. Then we find

(1,11)~a,
(2, 00) ~ ah ~ Bk — ye +187+16%,
(2,11) ~V3a8 ~V6By + a8,
(3, 00) ~V3a8A +\/§ﬁ5K ——\/gﬁw\ ~V6aek + abA — B6k -5% +2vef +36°,
(3,30)~ayd +x/§a76 ~V2a%k —\/.Z-B'yz,
(3,03) ~a’e + 8%y ~V2aBy.

(7.1)

The highest component of any tensor in the enveloping algebra is a product of powers of
the elementary factors (7.1) ((3, 30) and (3, 03) should not appear in the same product).

We turn to the question of subgroup scalars in the enveloping algebra of a group.
Besides the Casimir operators of group and subgroup, there are rg—Ig—ry—Iy
functionally independent subgroup scalars, or missing label operators (twice the
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number actually needed to resolve the labelling problem (Peccia and Sharp 1976); rg,
ru, lg, Iy are the order and rank of group and subgroup. The generating function
Y(U,; A, Ay, .. .) for tensors in the enveloping algebra contains information about
subgroup scalars. Substitute into ¢ the generating function (A, A,, .. .) for subgroup
scalars in representations of the group; there results the generating function #(U) for
subgroup scalars in the enveloping algebra. This substitution is often very simple to
make.

As a first example consider SU(3) = O(3); the generating function for O(3) scalars in
SU(3) representations is

F(A1, A)=[(1-ADA-AD], (7.2)

obtained by setting equal to zero the dummy which carries the O(3) representation label
in the SU(3) = O(3) branching rules generating function, given, for example, in I. (7.2)
states that each even-even representation of SU(3) contains one O(3) scalar. Substitu-
tion of (7.2) in (3.6) means keeping the part of (3.6) evenin A; and in A, and then setting
A1=A,=1. The result is

H(U)=(1+UNA-UH1-UH»1-UH", (7.3)

which agrees with the generating function of Judd et al (1974) when their dummy
variables D and P are set equal to U.

Similarly, the generating function for SU(3) scalars in the G, enveloping algebra is
obtained from (4.9) by setting A, = 0, A; = 1; that for SU(2) x SU(2) scalars in the SU(4)
enveloping algebra is obtained from (4.2) by setting A, = 0, keeping the part even in A;
and in A3 and setting A; = A5 = 1; that for SU(2) x U(1) scalars in the O(5) enveloping
algebra is found from (3.8) by keeping the part even in A; and in A, and setting
A1 =A,=1;that for G, scalars in the O(7) enveloping algebra is obtained from (5.8) by
setting A; = A, =0, A;=1. The resulting generating functions can be compared with
the generating functions or integrity bases given, variously, by Quesne (1976), Sharp
(1975), and in . Many new generating functions for subgroup scalars could be found in
this way. Of particular interest, because of its importance in nuclear physics, is the
group-subgroup Sp(6) 2 SU(3) x U(1) (Rosensteel and Rowe 1977); the generating
function for subgroup scalars is obtained from (5.3) by retaining the part even in A;, in
Az and in Az and setting A; = A, = A3 =1.

Finally we touch on the collapse of the generating function for tensors in the
enveloping algebra when the generators act only on restricted representations for which
one or more Cartan labels vanish. We hope to do more work on higher groups, but here
we report on SU(3) as a simple example.

The generators, acting on states transforming by the special representations (A4, 0),
are represented by simple differential operators. In the notation used earlier in this
section we have

a3, B->¢£a, Y- =7 3 8>27"%(n 8, £ 8¢),

12 (7.4)
€>& i, 8->6" " (~m 8, —E0:+2¢L0;), K-> ~{ dg, A=,

This approach was suggested by M Moshinsky (private communication). With these
substitutions made in (7.1), and the operators all symmetrised as to ordering of
generators, several relations appear between the generators. The elementary tensors
(3,30) and (3, 03) vanish. A linearly independent set of tensors in the enveloping
algebra consists of the stretched tensor products (1, 00)*x (1, 11)", where a and b are
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any non-negative integers, except that a =1, b =0 is excluded. Thus the collapsed
generating function is
1 e 1tUAN, | UP
(1-U)1-UAiAy) (1-U»A-UMAy) 1-U”
The scalar (1, 00), denoted in (7.5) by U, has as its eigenvalue the representation

label ;. Modulo multiplication by a scalar, the adjoint representation appears just
once in (7.5), of degree 1, in agreement with a result of Okubo (1977).

(7.5)
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Appendix
We define the group-subgroup characteristic function for the group—subgroup G > H as
£5(n)=Bm/A M) X can ™. (A1)

The symbols in (A1) must now be defined.
c», is the multiplicity of the H representation v in the G representation A.
n* means I; an")", where (K, ); is the ith component of the vector

K.=R+W,; (A2)

R is half the sum of the positive roots of H, and W, is the highest weight of the
representation v.

A(nm) =§ (-1)°n°K (A3)

is Weyl’s characteristic function for the scalar representation of H; the sum is over Weyl
reflections S, and (—1)° is the determinant of the matrix of S.

Similarly A(7n) is Weyl’s characteristic function for the scalar representation of G in
which (if necessary) a projection onto the weight space of H has been effected by
substituting for the variables in terms of the n appropriate to H.

The constructive definition (A1) permits the evaluation of () for any represen-
tation A for which the branching multiplicities ¢,, are known. In particular, for the
scalar representation, co, = 8y, and

£6 () = Alm)n™/A'(n). (Ad)
Dividing (A1) by (A4) we obtain
Elm/go =Y can™ (AS)

If one substitutes for the variables 7 in terms of new variables N so that n""* = N'*, the
result is equation (2.2).
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We now discuss some properties of the group~subgroup characteristic function.
First we sketch a proof that £3 () is a sum of monomials. Weyl (1926) shows that the
vectors SR for any compact Lie group are possible weights of that group. After
projection onto the weight space of a subgroup, they will be possible subgroup weights.
From this it can be shown that A(n) is a linear combination of Weyl characteristic
functions &, () of H, each of which is, of course, divisible by A'(n). Since A(n)/A'(n)isa
sum of monomials, it follows from (A1) that fi{(n) is also a sum of monomials,

We can say something about the distribution of the terms of £} () in weight space.
From the forin of (A1) it is clear that they lie in or near the dominant sector of H weight
space, the sector of highest weights of H representations (the terms of A/A’ are
independent of A and cannot shift them far). Weyl’s (1926) characteristic function for
the subgroup H is

£(n) =Y (=1)°n% (A6)
In terms of it the character function is

x»(n)=&,(n)/A'(n). (A7)

The symbols are defined as in (A2) and (A3). There are similar equations for the group
G. From the additivity of the characters under the reduction G to H,

xx(m=Y cux.(n), (A8)

and (A6), (A7) we obtain

&(n)= (/M) Y cné (), (A9)

which incidentally suggests an efficient way of calculating branching rules (just divide &,
by A/A’ and retain the part of the quotient in the dominant sector of subgroup weight
space). Now the number of terms in &, (n) is fixed (independent of A), and they all lie
equidistant from the origin of weight space, at least before projection onto H weight
space; much cancellation occurs between the terms on the right-hand side of (A9). Now
our group-subgroup characteristic function (A1) differs from (A9) only in that it lacks
the sum over Weyl reflections § implicit in the definition (A6) of £,(n). Hence most of
the cancellation in (A9) persists, since the parts of (A9) coming from different sectors
(under Weyl reflections of H) cannot cancel mutually except near the boundaries of the
sectors, because of the small shifts due to A/A’. We can conclude that the terms of
&1(n) are either terms from &, (n) which project into the dominant H sector, or else lie
on or near the boundaries of the dominant H sector.
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